We present a lattice computation of the isospin-breaking corrections to pseudoscalar meson masses using the gauge configurations produced by the European Twisted 
I. INTRODUCTION
In the last few years the determination of several observables in flavor physics by lattice QCD reached such a precision that both electromagnetic (e.m.) effects and strong isospin breaking (IB) corrections, generated by the light-quark mass difference ( m d − m u ), cannot be neglected any more (see e.g. Ref. [1] and references therein). Typical examples are the calculations of the leptonic decay constants f K and f π relevant for K 2 and π 2 decays, and the determination of the vector form factor at zero four-momentum transfer f + (0) appearing in semileptonic K 3 decays. These quantities are used to extract the CKM entries |V us | and |V us |/|V ud | from the experimental decay rates, and they have been computed on the lattice with a precision at the few per mille level [1] .
Such a precision is of the same order of the uncertainties of the e.m. and strong IB corrections to the leptonic and semileptonic decay rates [2] .
The issue of how to include electromagnetic effects in the hadron spectrum and in the determination of quark masses from ab-initio lattice calculations was addressed for the first time in Ref. [3] . Using a variety of different methods to include QED effects in lattice QCD simulations, several collaborations have recently obtained remarkably accurate results for the hadron spectrum, such as the determination of the charged-neutral mass splittings of light pseudoscalar (PS) mesons and baryons [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] (see Ref. [15] for a recent review).
Till now the inclusion of QED effects in lattice QCD simulations has been carried out following mainly two methods: in the first one QED is added directly to the action and QED+QCD simulations are performed at few values of the electric charge (see, e.g., Ref. [9, 14] ), while the second one, the RM123 approach of Ref. [8] , consists in an expansion of the lattice path-integral in powers of the two small parameters ( m d − m u ) and α em , namely α em ≈ ( m d − m u )/Λ QCD ≈ 1%.
Since it suffices to work at leading order in the perturbative expansion, the attractive feature of the RM123 method is that the small values of the two expansion parameters are factorized out, so that one can get relatively large numerical signals for the slopes of the corrections with respect to the two expansion parameters. Moreover the slopes can be determined using isospin symmetric QCD gauge configurations. In this work we adopt the RM123 method.
Using the gauge ensembles generated by the European Twisted Mass Collaboration (ETMC) with N f = 2 + 1 + 1 dynamical quarks [16, 17] and the quenched QED approximation, we have calculated the pion, kaon, charmed-meson mass splittings and various parameters describing the violations of the Dashen's theorem [18] (see Ref. [1] ). The precise definition of the latter ones depend on the separation between QED and QCD effects, which we implement using the prescription of Ref. [8] discussed in detail in Section III.
Within the quenched QED approximation, which neglects the effects of the sea-quark electric charges, our results 1 are: 
[
( m d − m u )(M S, 2 GeV) = 2.38 (18) MeV ,
m u (M S, 2 GeV) = 2.50 (17) MeV ,
m d (M S, 2 GeV) = 4.88 (20) MeV ,
π 0 = 0.03 (4) ,
γ (M S, 2 GeV) = 0.80 (11) ,
K 0 (M S, 2 GeV) = 0.15 (3) ,
QCD (M S, 2 GeV) = 3.06 (27) MeV ,
where the errors include an estimate of the effects of the QED quenching, while by m we indicate a quark mass renormalized in QCD+QED. In Eqs. (1) and (13) the experimental values from PDG [19] are given in squared brackets for comparison. Instead the experimental value of the kaon mass splitting M K + − M K 0 = −3.934 (20) MeV [19] is used as the input to determine the quark mass difference ( m d − m u ) given in Eq. (4) . We point out that Eqs. (11) (12) (13) (14) (15) 
where the current estimates from FLAG [1] are given in squared brackets for comparison.
The paper is organized as follows. In section II we describe the lattice setup and give the simulation details. In section III we present the calculations of the relevant correlators within the 
II. SIMULATION DETAILS
The gauge ensembles used in this work are the ones generated by ETMC with N f = 2 + 1 + 1 dynamical quarks, which include in the sea, besides two light mass-degenerate quarks, also the strange and charm quarks with masses close to their physical values [16, 17] .
The lattice actions for sea and valence quarks are the same used in Ref. [20] to determine the up, down, strange and charm quark masses in isospin symmetric QCD. They are the Iwasaki action for gluons and the Wilson Twisted Mass Action for sea quarks. In the valence sector, in order to avoid the mixing of strange and charm quarks a non-unitary set up was adopted, in which the valence strange and charm quarks are regularized as Osterwalder-Seiler fermions, while the valence up and down quarks have the same action of the sea. Working at maximal twist such a setup guarantees an automatic O(a)-improvement.
We considered three values of the inverse bare lattice coupling β and different lattice volumes, as shown in Table I , where the number of configurations analyzed (N cf g ) corresponds to a separation of 20 trajectories. At each lattice spacing, different values of the light sea quark masses have been considered. The light valence and sea quark masses are always taken to be degenerate. The bare mass of the strange valence quark aµ s is obtained, at each β, using the physical strange mass and the mass renormalization constants determined in Ref. [20] . masses for the 16 ETMC gauge ensembles with N f = 2 + 1 + 1 dynamical quarks generated within the isospin symmetric theory (see Ref. [20] for details). The values of the strange and charm quark bare masses aµ s and aµ c correspond to the physical strange and charm quark masses, respectively, determined in Ref. [20] .
In Ref. [20] eight branches of the analysis were considered. They differ in:
• the continuum extrapolation adopting for the scale parameter either the Sommer parameter r 0 or the mass of a fictitious PS meson made up of strange(charm)-like quarks;
• the chiral extrapolation performed with fitting functions chosen to be either a polynomial expansion or a Chiral Perturbation Theory (ChPT) Ansatz in the light-quark mass;
• the choice between two methods, denoted as M1 and M2, which differ by O(a 2 ) effects, used to determine in the RI -MOM scheme the mass renormalization constant (RC) Z m = 1/Z P .
In the present analysis we made use of the input parameters corresponding to each of the eight branches of Ref. [20] . The central values and the errors of the input parameters, evaluated using bootstrap samplings with O(100) events, are collected in Table II For each gauge ensemble the PS meson masses are extracted from a single exponential fit (including the proper backward signal) in the range t min ≤ t ≤ t max . The values chosen for t min and t max at each β and lattice volume in the light, strange and charm sectors are collected in Table III, while the values of the pion, kaon and D-meson masses corresponding to pure iso-symmetric   QCD, evaluated using the bootstrap samplings of Table II, are collected in Table IV Following Refs. [8, 21] we impose a specific matching condition between the full QCD+QED and the isospin symmetric QCD theories: in the M S scheme at a renormalization scale µ = 2 GeV we require m f (MS, 2 GeV) = m f (MS, 2 GeV) for f = (ud), s, c, where m and m are the renormalized quark masses in the full theory and in isosymmetric QCD. A similar condition is imposed on the strong coupling constants of the two theories (i.e. the lattice spacing). These conditions fix the isosymmetric QCD bare parameters and a unique prescription to define the isosymmetric QCD contribution to each hadronic quantity (see for instance the first term on the r.h.s. of Eq. (20)).
The parameters given in Table II have been obtained in Ref. [20] by using for the isosymmetric QCD contributions to the hadronic inputs the estimates given by FLAG [1] . In this work we provide new results for these inputs that can be used in the future to obtain (slightly) improved determinations of the isosymmetric bare couplings. We stress that in the calculation of leading IB observables it is fully legitimate to use the QCD parameters given in Ref. [20] because a change in the prescription that fixes these values has an effect only at higher orders in α em and ( m d − m u ).
III. EVALUATION OF THE IB CORRECTIONS
According to the approach of Ref. [8] the e.m. and strong IB corrections to the mass of a PS meson with charge Qe can be written as
with
where the ellipses stand for higher order terms in α em and ( m d − m u ), while M P S stands for the PS meson mass corresponding to the renormalized quark masses in the isosymmetric QCD theory. The separation in Eq. (20) between the QED and QCD contributions,
is prescription and renormalization scheme and scale dependent [21, 22] , as it will be specified in a while.
Throughout this work we adopt the quenched QED approximation, which neglects the sea-quark electric charges and corresponds to consider only (fermionic) connected diagrams. Including the contributions coming from the insertions of the e.m. current and tadpole operators, of the PS and scalar densities (see Refs. [5, 8] ) the basic diagrams are those depicted schematically in Fig. 1 In order to evaluate the diagrams (1a)-(1e) the following correlators are considered:
where f = {u, d, s, c}, (27) is the (lattice) conserved e.m. current, and
is the tadpole operator with φ P S (x) = iψ f 1 (x)γ 5 ψ f 2 (x) being the interpolating field for a PS meson composed by two valence quarks f 1 and f 2 with charges q 1 e and q 2 e. In our twisted-mass setup the Wilson parameters of the two valence quarks are chosen to be opposite (r 1 = −r 2 ) in order to guarantee that discretization effects on M P S are of order O(a 2 mΛ QCD ).
Within the quenched QED approximation the correlator δC J (t) corresponds to the sum of the diagrams (1a)-(1b), while the correlators δC T (t), δC P f (t) and δC S f (t) represent the contributions of the diagrams (1c), (1d) and (1e), respectively. The removal of the photon zero-mode is done according to QED L [23] , i.e. the photon field A µ in momentum space satisfies
The statistical accuracy of the meson correlators is based on the use of the so-called "oneend" stochastic method [24] , which includes spatial stochastic sources at a single time slice chosen randomly. Four stochastic sources (diagonal in the spin variable and dense in the color one) were adopted per each gauge configuration.
A new technique for the lattice evaluation of the photon insertion in the diagrams (a)-(c) of Fig. 1 and an estimate of the computational cost are presented in the Appendix A.
In our analysis the correlators δC j (t) with j = {J, T, P S, S} are divided by the tree-level one
obtaining at large time distances, where the PS ground-state is dominant,
where Z P S ≡ 0|φ P S (0)|P S and
is almost a linear function of the Euclidean time t. Thus, the various e.m. and strong IB corrections to the PS mass, δM j P S (j = J, T, P f , S f ), can be extracted from the slope of the corresponding ratios δC j (t)/C(t) at large time distances (see Table III for the chosen fitting intervals).
The difference between the bare quark mass µ f in QCD+QED and the bare mass µ f in isosymmetric QCD is related to the corresponding difference between the renormalized masses m f and
where Z m f (Z m ) is the mass renormalization constant in QCD+QED (QCD). By defining
we get
For our maximally twisted-mass setup one has Z m = 1/Z P , while for 1/Z f we use the perturbative result at leading order in α em in the MS scheme at the renormalization scale µ, given by [25] 1
Once multiplied by the bare quantity δM S f P S related to the insertion of the scalar density, the first term in the r.h.s. of Eq. (34) generates a finite term, which in our prescription [8] defines the QCD correction
The second term in the r.h.s. of Eq. (34) generates a logarithmic divergent contribution that, when included in the QED correction, compensates the corresponding divergence of the self-energy and tadpole diagrams. At leading order in α em and (
where δm crit f is the e.m. shift of the critical mass for the quark flavor f , which will be discussed in details in the next Section. Note that, since we require m f (MS, 2 GeV) = m f (MS, 2 GeV) for 
Eq. (22) . When P S Q = π 0,+ the contributions coming from the u and d quarks cancel out and
A. Determination of δm crit f
In order to extract physical information from Eq. (37) it is necessary to determine the e.m. shift of the critical mass of the quarks. The strategy chosen in Ref. [8] is to use the vector WardTakahashi identity, which allows to calculate δm crit
where ∇ 0 is the backward time derivative and
Within the quenched QED approximation the shift δm crit f is proportional to q 2 f and can be determined from the plateaux of the r.h.s of Eq. (38), as shown in Fig. 2 for the gauge ensembles B25.32 and D15.48. The results of δm crit f /q 2 f for all the ETMC gauge ensembles of Table I are collected in Fig. 3 . It can be seen that: i) the values of δm crit f /q 2 f are determined quite precisely (better than the per mille level), and ii) at each value of the lattice spacing there is a very mild dependence on the value of the light-quark mass.
B. Extraction of the e.m. and strong IB corrections
In this section we show some plots of the ratios δC j (t)/C(t), used in Eq. (30) It can be seen that the two terms are almost opposite. Thanks to the strong correlations due to the dominance of the tadpole contribution in δm crit (see Fig. 3 ), their sum can be determined with a good precision and turns out to be small compared with the contributions of the self-energy and exchange diagrams.
IV. ANALYSIS OF THE PION MASS SPLITTING
According to Ref. [8] the charged/neutral pion mass splitting
where, following the notation of Ref. [8] , (−∂ t ) stands for the operator corresponding to the extraction of the slope δM P S from the ratio δC(t)/C(t) (see Eq. (30)).
At first order in the perturbative expansion the pion mass splitting M π + − M π 0 is a pure Table III ). e.m. effect. Indeed, the strong IB corrections coming from the variation of quark masses do not contribute at leading order to observables that vanish in the isosymmetric theory, like the mass
Furthermore all the disconnected diagrams generated by the sea quark charges cancel out in the difference M π + − M π 0 and therefore Eq. (42) holds as well in unquenched QED.
The only remaining disconnected diagram in Eq. (42) is generated by valence quarks in the neutral pion. It vanishes in the SU (2) chiral limit [8] and, consequently, it is of order of O(α em m ). Thus, at the physical pion mass the disconnected contribution to the pion mass splitting M π + − M π 0 is expected to be numerically a small correction and has been neglected in the present study.
Disregarding the disconnected diagram in the r.h.s. of Eq. (42), the results for
are shown in Fig. 6 for the ETMC gauge ensembles of Table I Putting a massless photon in a finite box yields sizeable finite size effects (FSEs), which have been investigated in Ref. [23] , using QED L for the infrared regularization, and for other choices of the zero-mode subtraction in Ref. [9] . The main outcome is that FSEs on hadron masses start at order O(1/L) and they are universal up to order O(1/L 2 ), i.e. they depend only on the charge of the hadron and not on its structure. In the case of QED L the universal FSEs are given by
where κ = 2.837297 [23] . The universal FSEs are thus present only for the charged pion. The effect of their subtraction from our lattice data is shown in Fig. 6 by the open markers. It can be clearly seen that the correction is quite large, approaching 40% at the heaviest light-quark masses. In The presence of residual FSEs after the subtraction of the universal ones is visible, but its impact does not exceed few percent at the largest lattice sizes. According to the non-relativistic expansion of Ref. [26] , the structure-dependent (SD) FSEs are expected to be proportional at order O(1/L 3 )
to the squared pion charge radius r 2 π + , namely
where at the physical pion mass r 2 π + = (0.672 ± 0.008 fm) 2 [19] . In Eq. (44) we have included the multiplicative factor F to account for possible deviations from the theoretical expectation. The lattice data can be fitted by Eq. (44) with F = 2.9 ± 0.3, as shown by the dashed line in Fig. 7 .
This highlights a significative deviation of the observed residual SD FSEs from the non-relativistic result.
From now on we always refer to the data for M 2 π + − M 2 π 0 as to the charged/neutral pion mass splitting subtracted by the universal FSEs (43).
Inspired by the Chiral Perturbation Theory (ChPT) analysis of Ref. [23] , we perform combined extrapolations to the physical pion mass and to the continuum and infinite volume limits adopting the following fitting function
where [27] , is added as a correction with a fitting multiplicative parameter F π .
In Fig. 8 the results obtained using the combined fitting function (45) assuming A π 2 = 0 are shown, i.e. with C, A π 1 , D π , D π m and F π being free parameters. As for the lattice spacing a and the renormalization constants Z P , their uncertainties (see Table II ) are taken into account as follows. First, we randomly generate the values a i and Z i P for the bootstrap event i assuming gaussian distributions corresponding to the central values and the standard deviations of Table II . Then, we add to the definition of the χ 2 variable the following
where a i and Z At the physical pion mass and in the continuum and infinite volume limits our result is
where
• () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the errors of the input parameters of Table II , namely the values of the average u/d quark mass m ud , the lattice spacing and the quark mass RC 1/Z P .
• () disc is the uncertainty due to discretization effects estimated by comparing the results obtained either including or excluding the D π m a 2 m term in Eq. (45);
• () chir is the error coming from including (A π 2 = 0) or excluding (A π 2 = 0) the term proportional to m 2 in Eq. (45);
• () F SE is the uncertainty due to FSEs estimated by comparing the results obtained including or excluding the two SD terms in Eq. (45). In the latter case only the ensembles with L/a = 32, 48 have been included in the fit.
Our result (47) implies
which agrees with the experimental determination 
V. DETERMINATION OF π 0
The Dashen's theorem [18] states that in the chiral limit the self-energies of the neutral NambuGoldstone bosons vanish. Thus, the violation of the Dashen's theorem in the pion sector can be measured through the quantity π 0 defined as [1] 
In our analysis the e.m. contribution δM 2 π 0 QED is computed in the quenched QED approximation and neglecting also the disconnected diagram of Eq. (42), namely
The lattice data for δM 2 π 0 QED are shown by filled markers in Fig. 9 . It can be seen that the data exhibit an almost linear behavior as a function of the light-quark mass m without any significant FSEs. Thus for the combined chiral and continuum limit extrapolations we use the following simple Ansatz
where M 2 ≡ 2B 0 m and A π 1 , A π 2 , D π and D π m are free parameters. The results of the fitting procedure assuming A π 2 = 0 are shown in Fig. 9 by the solid lines at each value of the lattice spacing and by the black asterisk at the physical pion mass and in the continuum limit.
At the physical pion mass and in the continuum limit we obtain
• () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of Table II; • () chir is the error coming from including ( A π 2 = 0) or excluding ( A π 2 = 0) the quadratic term;
• () disc is the uncertainty due to discretization effects estimated by comparing the results obtained including both the D π a 2 and D π m a 2 m terms in Eq. (53) or excluding one out of them.
• () qQED comes from our estimate of the neglect of the neutral pion, disconnected diagram (0.05 · 10 −3 GeV 2 ), which dominates over all other uncertainties. Dividing our result (54) by Eq. (47), we obtain
which is consistent with the FLAG estimate π 0 = 0.07(7) [1] , based on the old determination of Ref. [3] (corrected by FLAG into the value π 0 = 0.10 (7)) and on the more recent result π 0 = 0.03(2) obtained by the QCDSF/UKQCD collaboration [28] .
VI. ANALYSIS OF γ AND DETERMINATION OF m d − m u
The Dashen's theorem predicts that in the chiral limit the e.m. corrections to the charged kaon and pion are equal to each other, while the ones for the neutral mesons are vanishing. Therefore, in the kaon sector the violation of the Dashen's theorem is parameterized in terms of the quantity γ defined as [1] γ (MS, µ) =
is the QED contributiparametrisedon to the kaon mass splitting.
Within the quenched QED approximation one has
with the red lines representing the strange quark propagator.
The results for M 2
QED are shown in Fig. 10 with and without the subtraction of the universal FSEs, given by Eq. (43). It can be clearly seen that, as in the case of the pion mass splitting, the universal FSE correction is quite large, approaching 40% at the heaviest light-quark masses.
From now on we always refer to the data for M 2
QED as to the QED part of the charged/neutral kaon mass splitting subtracted by the universal FSEs.
Inspired by the ChPT analysis of Ref. [23] we perform combined extrapolations to the physical pion mass and to the continuum and infinite volume limits adopting the following fitting function where the residual SD FSEs are estimated using two terms similar to the ones appearing in Eq. (45) and with r 2 K + = (0.560 ± 0.031 fm) 2 [19] . The free parameters to be determined by the fitting procedure are
and F K , while the LEC C is taken from the analysis of the pion mass splitting. In Fig. 11 we show the results obtained using the combined fitting function (59) assuming A K 2 = 0. As in the case of the pion mass splitting we obtain a value for the parameter F K significantly different from zero, which confirms the presence of a deviation from the non-relativistic expansion prediction of Ref. [26] .
At the physical pion mass and in the continuum and infinite volume limits our result in the M S scheme at a renormalization scale equal to µ = 2 GeV is • () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of Table II; • () disc is the uncertainty due to discretization effects estimated by comparing the results
• () chir is the error coming from including (A K 2 = 0) or excluding (A K 2 = 0) the term proportional to m 2 ;
• () F SE is the uncertainty due to FSE estimated by comparing the results obtained including or excluding the two phenomenological terms (59) for the SD FSEs. In the latter case only the ensembles with L/a = 32, 48 are considered.
• () qQED is the estimate of the effects due to the quenched QED approximation (5%) taken from Refs. [13, 29] .
Recent results available in the literature for M 2
obtained using the FLAG inputs [1], 2.186(231) · 10 −3 GeV 2 from the BMW collaboration [13] at N f = 2 + 1, and 2.38(38) · 10 −3 GeV 2 from the latest update of the dispersive analysis of the η → 3π decays [30] . Note that in Ref. [13] a "hadronic" scheme is adopted in which the quark mass difference ( m d − m u ) is replaced by the mass difference of the "connected"ūu and dd mesons. Using our results of Section V the conversion from the hadronic BMW scheme to the (MS, 2 GeV) one amounts to add 0.018(3) · 10 −3 GeV 2 to the result of Ref. [13] , leading
For the other results either the prescription used for evaluating the QED contribution is not clearly defined or the conversion to the (MS, 2 GeV) scheme is not known precisely.
Using Eqs. (47) and (60) 
where now the () qQED error includes also the 4% effect (added in quadrature) coming from the neglect of the neutral pion, disconnected diagram. Our result (61) is consistent with the recent result, converted in the (MS, 2 GeV) scheme, γ (MS, 2 GeV) = 0.74(18) from the BMW collaboration [13] and larger than the recent QCDSF/UKQCD result γ (MS, 2 GeV) = 0.50 (6) [28] by 2.4 standard deviations. Note that in Ref. [28] the QED contributions to kaon masses are evaluated in the so-called Dashen scheme, which differs from the (MS, 2 GeV) one. The conversion between the two schemes is taken into account by a perturbative matching performed at leading order in α em in Ref. [28] .
Other results present in the literature are the FLAG estimate γ = 0.7(3) [1] and the two recent findings γ = 0.73 (14) from the MILC collaboration [31] and γ = 0.9(3) from the latest update of the dispersive analysis of the η → 3π decays [30] . For the above results either the prescription used for evaluating the QED contribution is not clearly defined or the conversion to the (MS, 2 GeV) scheme is not known precisely.
Using the experimental value for the charged/neutral kaon mass splitting,
In order to estimate the light-quark mass difference ( m d − m u ) from the result (62) we need to compute the IB slope (see Eq. (22))
The lattice data for M 2
IB have been fitted according to the following Ansatz:
where the chiral extrapolation is based on the SU(3) ChPT formulae of Ref. [32] expanded as a power series in terms of the quantity m /m s , while FSEs are described by a phenomenological term inspired by the leading FSE correction in QCD to the pion and kaon masses in the p-regime
The results of the fitting procedure (64), using A At the physical pion mass and in the continuum and infinite volume limits we get
• () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of Table II; • () disc is the uncertainty due to discretization effects estimated by including (D K = 0) or excluding (D K = 0) the discretization term in Eq. (64);
• () chir is the error coming from including the term proportional to the chiral log in Eq. (64) or substituting it with a quadratic term in m (i.e., A 
β=2.10, L/a=48 physical point • () F SE is the uncertainty obtained including (F K = 0) or excluding (F K = 0) the FSE term in Eq. (64).
FIG. 12: Results for the IB slope
Our N f = 2 + 1 + 1 result (65) agrees with the corresponding BMW result, 2.53(7) GeV, obtained at N f = 2 + 1 [13] .
Putting together the results (62) and (65) 
which is consistent with the previous ETMC determination 2.67(35) MeV [20] at N f = 2 + 1 + 1 and with the recent BMW result, converted in the (M S, 2 GeV) scheme, 2.40(12) MeV [13] at
Combining the result (66) with our ETMC determination of the average up/down quark mass m ud (M S, 2 GeV) = 3.70 (17) MeV from Ref. [20] , we can also compute the u-and d-quark masses (20) MeV (68) and the ratio
which are consistent within the uncertainties with the current FLAG estimates [1] at N f = 2+1+1, based on the ETMC results of Ref. [20] , and with the recent BMW results [13] at N f = 2 + 1.
Finally, using the ETMC result m s (M S, 2 GeV) = 99.6(4.3) MeV [20] we can obtain a determination of the flavor symmetry breaking parameters R and Q, namely Our central value (71) for the parameter Q is ≈ 8% higher than the recent result of Ref. [30] , Q = 22.0 (7), based on the latest update of the dispersive analysis of the η → 3π decay and on the use of the SU(3) ChPT relation
Had we used our result (62) in Eq. (72), the value of the parameter Q would have been Q = 22.6 (3), which is ≈ 5% below the result (71) based on the use of the IB slope (65) evaluated directly on the lattice. This seems to suggest that the higher-order corrections to the SU(3) ChPT relation (72) may be at the level of ≈ 10% or equivalently about one unit for Q (see also Ref. [34] ).
VII. DETERMINATION OF K 0
The violation of the Dashen's theorem for the neutral kaon mass can be represented by the
The e.m. contribution δM 2 K 0 QED is given within the quenched QED approximation by
The lattice data for δM 2
QED are shown by filled markers in Fig. 13 . No significant FSEs are visible and therefore for the combined chiral and continuum limit fitting procedure we use the following simple Ansatz
The results of the fitting procedure are shown in Fig. 9 by the solid lines at each value of the lattice spacing and by the black asterisk at the physical pion mass and in the continuum limit. At the physical pion mass and in the continuum limit we obtain
• () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of Table II; • () disc is the uncertainty due to discretization effects estimated by comparing the results obtained including ( D K = 0) or excluding ( D K = 0) the discretization term in Eq. (76);
• () chir is the error coming from including the term proportional to the chiral log in Eq. (76) or substituting it with a quadratic term in m (i.e.,
• () qQED is the 5% estimate of the effects due to the quenched QED approximation taken from Refs. [13, 29] .
Using the experimental value M K 0 = 497.611(13) MeV [19] our results (77) and (62) correspond to a kaon mass in pure QCD equal to M K = 494.4(1) MeV in agreement with the FLAG estimate
Dividing our result (76) by Eq. (47), we obtain
where now the () qQED error includes also the 4% effect coming from the disconnected diagram neglected in the pion mass splitting analysis. Our result (78) is in agreement with (and more precise than) both the estimate quoted by FLAG, namely K 0 = 0.3(3) [1] , and the recent
VIII. QED AND STRONG IB CORRECTIONS IN CHARMED MESONS
In this section using the RM123 approach we address the evaluation of the leading-order e.m. and A. Electromagnetic and strong IB corrections to
Within the quenched QED approximation and the RM123 prescription described in Section III, the QED contribution to the D-meson mass splitting is given by
with the green lines representing the charm quark propagator.
In Fig. 14 From now on we always refer to the data for M 2
QED as to the QED part of the charged/neutral D-meson mass splitting already subtracted by the universal FSEs.
We have performed combined chiral, continuum and infinite volume extrapolations adopting the following fitting function
where At the physical pion mass and in the continuum and infinite volume limits our result in the M S scheme at a renormalization scale equal to µ = 2 GeV is • () qQED is the estimate of the effects due to the quenched QED approximation (5%) taken from Refs. [13, 29] and extended to the case of charmed mesons.
We need now to compute the QCD contribution At the physical pion mass and in the continuum and infinite volume limits we get • () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of Table II; • () disc is the uncertainty due to discretization effects estimated by including (D Thus, putting together the results (82) and (85) we get the prediction 
The data for δM D + + δM D 0 after the subtraction of the universal FSEs are shown in Fig. 17 .
and F D are free parameters. In Fig. 18 we show the results obtained using the combined fitting function (88). At the physical pion mass and in the continuum and infinite volume limits our result is
• () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of Table II; • () disc is the uncertainty due to discretization effects estimated by • () F SE is the uncertainty due to FSE estimated by comparing the results obtained including ( F D = 0) or excluding ( F D = 0) the phenomenological term for the SD FSEs;
• () qQED is the estimate of the effects due to the quenched QED approximation (5%) taken from Refs. [13, 29] and extended to the case of charmed mesons. 
The data for δM D + s after the subtraction of the universal FSEs are shown in Fig. 19 .
We have performed combined chiral, continuum and infinite volume extrapolations adopting the following fitting function At the physical pion mass and in the continuum and infinite volume limits our result is
• () stat+f it indicates the statistical uncertainty including also the ones induced by the fitting procedure and by the determination of the input parameters of • () chir is the error coming from including (A • () F SE is the uncertainty due to FSE estimated by comparing the results obtained including (F Ds = 0) or excluding (F Ds = 0) the phenomenological term for the SD FSEs;
• () qQED is the estimate of the effects due to the quenched QED approximation (5%) taken from Refs. [13, 29] and extended to the case of charmed mesons. We have also estimated the pion, kaon, D-and D s -meson masses in isospin-symmetric QCD obtaining the values given in Eqs. (16) (17) (18) (19) .
A complete evaluation of the isospin-breaking corrections for the meson masses considered in this work requires the removal of the quenched QED approximation. The development of the appropriate lattice regularization for the full unquenched QED+QCD action using maximally twisted-mass fermions [35] as well as the numerical determination of (fermionic) disconnected diagrams related to the sea-quark charges are currently underway and will be the subject of our future investigations. S (0; y 1 ) V µ (y 1 ) S (y 1 ; x, t) ΓS ( x, t; y 2 ) V ν (y 2 ) S (y 2 ; 0) Γ G µν (y 1 , y 2 ) .
The nested summation over y 1 and y 2 is prohibitively costly and scales like V 2 . We can split them into two separate summations, each scaling as V , by introducing a set of real stochastic fields η µ (x) = ±1 ∀µ, x . The expectation value of the product of two fields is given by:
from which we can write the photon propagator as: 
where the sum over the Lorentz index µ has been absorbed inside a single sequential propagator: which average to zero in the Feynman gauge. We checked that in the PS channel, this terms are of negligible entity, so that Eq. (A3) is four time more efficient than Eq. (A2). In short, the calculation of δC exch with this framework requires to compute three propagators, and average over several (ideally infinite) stochastic sources η. This is the method adopted in Ref. [8] .
In this work we have adopted a slightly different approach. Instead of using Eq. (A1), we define the photon propagator in terms of expectation value of the time-orderd product of photon fields:
where the photon field A µ (y) must be generated from the distribution of probability:
This can be readily obtained drawing each mode of the photon field in momentum space in which the probability distribution is local in k, as was first noted in Ref. [3] :
After the local change of variableB ρ (k) = G In this way the correlation function can be computed as: In summary, the QED corrections to meson masses can be computed through four inversions, namely those required to obtain the propagators S, S V A i , S V A i V A i and S T . An additional propagator S P S , corresponding to the PS insertion, is needed to compute the correction due to the shift of the critical mass, diagram 1(d), which arises specifically in our Twisted-Mass setup. Moreover, in order to take into account the mass difference between u and d quarks, an additional inversion is needed to compute the sequential propagator S S in which the scalar density is inserted, as depicted in diagram 1(e).
We note that working in the isosymmetric theory, there is no need to compute this diagrams for u or d quark separately 2 .
Therefore, the number of light inversions, which dominates the numerical cost, is given by # IN V = 4 QED + 1 T M + 1 M ASS = 6. Finally, we remark that in order to improve the quality of 2 More specifically in the twisted-mass regularization and for the correlators analyzed in this work, we can obtain the d-quark propagator (regularized with an r-parameter having opposite sign to the one of the u-quark) by employing the r-γ5 symmetry of the propagator: Su = γ5S † d γ5.
